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Abstract 


We study the geodesic motion of massless test particles in the background of a magnetic charged 
black hole spacetime in four dimensions in dilaton-Maxwell gravity. The behaviour of effective 
potential in view of the different values of black hole parameters is analysed in the equatorial 
plane. The possible orbits for null geodesics are also discussed in detail in view of the different 
values of the impact parameter. We have also calculated the frequency shift of photons in this 
spacetime. The results obtained are then compared with those for the electrically charged stringy 
black hole spacetime and the Schwarzschild black hole spacetime. It is observed that there exists 
no stable circular orbit outside the event horizon for massless test particles. 
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INTRODUCTION 


Black holes (BHs) arising in Einstein’s General Relativity (GR) are one of the most fas¬ 
cinating objects in the universe |l|. GR has developed into an essential tool in modern 
astrophysics which provides the foundation for the current understanding of BHs. The most 
general spherically symmetric, vacuum solution of the Einstein held equations in GR is the 
well known Schwarzschild black hole (SBH) spacetime [l, 2|- Further, a static solution to the 
Einstein-Maxwell held equations, which corresponds to the gravitational held of a charged, 
non-rotating, spherically symmetric body is the Reissner-Nordstrdm spacetime jl, The 


mneral spacetimes with sources im- 
Next, Kerr black hole spacetime 


study of charged BHs may helpful to understand more 
mersed into spherically symmetric matter backgrounds 
is a rotating generalization of the SBH spacetime and the Kerr-Newman BH spacetime which 
is a solution of Einstein-Maxwell equations in GR, describes the spacetime geometry in the 
region surrounding a charged rotating mass 4, l5|. 

In addition to the abovementioned BH spacetimes those arise in GR, there are BH space- 
time solutions in various alternative theories of gravity viz. scalar-tensor theory j^, string 
theory ^ and loop quantum gravity js] etc.. In particular, the string theory is an important 
candidate for unifying gravity with other three fundamental forces in nature and therefore 
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BH spacetimes emerging in the string theory are of much interest as they may provide much 
deeper insight into the various properties of BH spacetimes than the BH spacetimes in GR 


10l |. Lower dimensional charged dilaton BH has a connection to the lower dimensional 


string theory and hence it might act as a tool to study lower dimensional string theory 


12 |. 


The study of geodesic structure of massless particles in a given BH spacetime is one of the im¬ 
portant ways to understand the gravitational held around a BH spactime. The geodesic mo¬ 


tion around various BH spacetimes in diverse contexts (for timelike as we 


both in GR and string theory, are studied widely time and again 
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as null geodesics), 


The primary aim of the present work is to study the null geodesics in a four dimensional 
spherically symmetric BH spacetime with magnetic charge, obtained from the low energy 
effective action in string theory j^, 38|. The circular timelike and null geodesics in equato¬ 


rial plane are discussed with some new results recently 


. Also the unstable circular orbit 


of photons for electrically charged black hole (EGBH) in string frame is already discussed 
14l |. Other than the circular orbit, we are also interested in all other kind of possible orbits 
depending upon the value of the impact parameter. 

This paper is organised as follows. A brief introduction to the spacetime considered is 
presented in the next section. We solve the geodesic equations for null geodesics for mag¬ 
netically charged black hole (MGBH) spacetime and discuss the effective potential for BH 
parameters in section HI. We also analyze the photon orbits and then compare the results 
with the EGBH and SBH. As one of the measurable effect of GR, we have also calculated the 
frequency shift for the MGBH. Finally, in the last section, we have summarized our results 
with future possibilities. 


II. MAGNETICALLY CHARGED BLACK HOLE SPACETIME IN STRING THE¬ 
ORY 


In 3 -|- 1 dimensions, Garfinkle, Horowitz and Strominger 38| have obtained asymptotically 
flat solutions representing the BHs in dilaton-Maxwell gravity. Such solutions as a specific 


feature, represent the electric and dual magnetic BHs c 


The metric for the MGBH can 


be deduced from the EGBH by an electromagnetic duality transformation and is given as, 

1 


ds = 


fl - —) 


( 1 - —) 
k mr / 


(1 - ^)(i - 

'' r ' ^ mr ^ 


dr^ + 


( 1 ) 
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where Q is the magnetic charge and m is the mass of the BH while dfl^ = dO'^ + sin^ 9d(f)‘^ 
represents a metric on a two dimensional unit sphere. Event horizon of the BH is situated 
at r = 2m and the singularity occurs at r = ^. The metric for the (corresponding) ECBH 
is given as, 


ds^ = 


_ zm 


-dr + 




( 2 ) 


^ 2msinh^(Q;) ^2 ' 

where m is the mass of BH and a is a parameter related to the electric charge. The position 
of event horizon is at r = 2m and curvature singularity occurs at r = 0. One important 
feature to note is that the string coupling is strong near singularity for the MCBH while 


it is weak for the ECBH 


The spacetime geometry of these dual BH solutions are 


causally similar to Schwarzschild geometry. In the respective limits of Q = 0 and a = 0, the 
abovementioned spacetimes reduce to the SBH spacetime. 


III. NULL GEODESICS FOR MAGNETICALLY CHARGED BLACK HOLE 


In this section, we study the radial and non radial null geodesics alongwith the possible orbit 
structure for spacetime given by eq.(IT]) in the equatorial plane (i.e. 6 = 7r/2). The geodesic 
equations and constraints for null geodesics are given as, = 0 and gabx'^x’^ = 0 


respectively 


33| (where dot denotes the differentiation with respect to an affine parameter). 


Now using the geodesic equations their first integrals can be expressed as, 

^ E{mr — Q^) 
m(r — 2m) ’ 

The constraint on null geodesics for the line element given by eq.([T]) reads as. 


(3) 

(4) 


fl - —) 

^ ;:J p + 

(i-£) 


r mr 


-1 


m + sim 6(j)^) = 0. 


(5) 


Further using equation (jl]) and equation ([5]), the radial velocity in the equatorial plane is 
given as, 

^2 _ ^2 (mr - _ (r - 2m)(mr - Q^) ' 


£) 2 ^ 2^2 


mr^ 


where D = LjE is the impact parameter [l, 2|. Hence the effective potential for null 
geodesics is defined as, 

(r — 2m)(mr — Q^) {mr — Q'^Y 


V{r) = 


mr^ 


£)2^2j,2 


(7) 
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In case of null geodesics, the impact parameter plays a similar role as that of the energy 
of the incoming test particle in case of timelike geodesics [l|. Hence, the types of orbit for 
massless test particles (i.e. photons) depend on their impact parameter. 

III.l. Radial null geodesics 

The radial geodesic corresponds to the trajectory for incoming photon with zero angular 
momentum (i.e. L = 0). For radial null geodesics the effective potential given in eq. (17|) 
leads to. 


Veff = 


rn?r‘^ 


{mr - 


and the radial velocity given in eq.(l6]) reduces to, 

E{mr — 


r = 


mr 


( 8 ) 


(9) 


In order to obtain the coordinate time t as a function of radial distance r, we divide eq. @ 
by eq.dH]) which leads to, 

dt r , , 

^ = ±7 - 7 - 10 

dr (r — 2m) 

On integrating eq. ffTOj) . 

t = ±[r + 2mln(r — 2m)] + constant. (11) 

In the limit r —> 2m, t —> —oo. Similarly the proper time r can be obtained as a function 


of radial distance r and on integrating the eq. 


If Q‘^\n{-mr + QY\ , ^ ^ 

T = ±— r H-+ constant, 

E \ m 


( 12 ) 


when r —> 2m, r —> ±-| ^2m + ^ ^ j. The radial geodesics pass through the 

horizon in a hnite proper time, while it takes an inhnite time to reach the horizon as shown 
in £g.([T^) and fig.([T}3). We will use m = 0.5, throughout afterwards for the purpose of 
numerical computations. 


III.2. Geodesics with angular momentum 

Now, let us discuss the null geodesics with angular momentum (i.e. L 7^ 0). The effective 
potential for non-radial null geodesics is given by, 

[r — 2m){rnr — QY {mr — Q'^Y 


V{r) = U 


mr^ 


£)2^2j,2 


(13) 
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(a) 



(b) 


FIG. 1. Radial motion of an incoming photon, with E = 1 and Q = 2; for (a) coordinate time; (b) 
proper time. Vertical solid line represents the position of event horizon {th) at r = 2m in both (a) 
and (b). 

In order to study the nature of the effective potential for null geodesics, we have considered 
a specihc set of parameters as depicted in Table [I] alongwith the different conditions for 
the impact parameter. Dc is the value of impact parameter corresponding to the unstable 
circular photon orbit. 


TABLE I. Different conditions on charge and mass parameters. 
Case Mass (m) Charge (Q) 


(a) ss 2m^ 

(b) > 2rrP 

(b) Q‘^ < 2m? 


0.5 0.7 

0.5 1 

0.5 0.4 
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FIG. 2. D = Dc Variation of effective potential with angular momentum for three different cases 
as mentioned in Table I, where rn represents the position of the event horizon. 





FIG. 3. D > Dc'. Variation of effective potential with angular momentum for three different cases 
mentioned in Table I. th is the position of the event horizon. 

The variation of effective potential is presented in fig.dl]), fig.® and fig.® with a finite 
valne for angnlar momentum L of the incoming photon while other parameters are fixed. 
The nature of effective potential is qualitatively similar for the cases D = Dc and D > Dc 
as the height of effective potential increases with increasing the value of angular momentum 
see figs.® and ®. While this nature is found to be reversed for the case D < Dc, as seen 
in fig.®. The difference in the corresponding orbit structures due to this difference in the 
nature of effective potential is discussed in detail later in this section. 
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FIG. A. D < Dc'. Variation of effective potential with angular momentum for three different cases 
mentioned in Table I, where rn denotes the event horizon. 





I S-E —-M I I S-E —-M I I S-E —-M I 

(a) (b) (c) 


FIG. 5. Gomparative view of the nature of effective potential for three different cases of impact 
parameter, {a)D = value of Dc for S', E and M is 2.5980, 2.8852 and 2.2974 respectively; 

(b) D ( = 3.5) > Dc, {c) D { = 1) < Dc, with Q = a = 0.4 and L = 4. rn (represented by 
vertical line) is the position of event horizon; S, E and M represent the SBH, EGBH and MCBH 
respectively. 

From the representative plots of the effective potential presented in hg.dS]), one can observe 
the shift of the potential energy cnrve for MCBH and ECBH from the corresponding cnrve 
for SBH, with different conditions of impact parameter. 


III.3. Analysis of photon orbits 

To analyse the angular motion of photons, the corresponding orbit equation can be obtained 

by eliminating parameter r from eqn.([ 6 ]) and eqn.(jl]) as, 

dcf) L 1 

dr r2 ^-Vcff' 
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(14) 














































which can be recast as, 


where 


with 


/(r) = 




I . 1 , 1 g 1 , 1 

^ ^4 ^2 D'^m t'D"^ 


( 16 ) 


J = ——h 2m and K = ^ — 1. 

m D^^m^ 

In order to investigate the nature of orbits, we use a variable as m = -f, so the eq. flT5|l leads 
to, 

(S) = <“> 

where f{u) is given as. 


f{u) = -2Q‘^u^ + Ju^ + Ku^ - 2 -^^ + 


(17) 


The null geodesics depends on the roots of the equation /(m) = 0 [2 |, [iSj. All the possible 
orbits for null geodesics in view of the different values of impact parameter D can now be 
discussed accordingly. 


Case (a) : For D = 

Using the condition for circular orbit 




r = 0 ^ K//(r) = 0 , 

along with 1 /= Qj, one can obtain the radius of the circular orbit as, 

+ 6m^) ± \l— 20m‘^Q^ + 36m^ 


(18) 


r± = 


Am 


(19) 


A stable (unstable) circular orbit requires V''{r) > 0(< 0), which corresponds to minimum 
(maximum) of the effective potential. Therefore the radius of unstable circular orbit (vc) 
occurs at, 

+ 6m^ + x/Q^ — 20m'^Q'^ + 3Qm‘^ , 

rc = --• ( 20 ) 

4m 

Since with Q —)■ 0, the MCBH reduce to the SBH and the corresponding value of Tc given in 
eq.lEOj) also reduces to 3m which is the exact value of the radius of unstable circular orbit 


where / denotes the differentiation w.r.t. r 
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for SBH. Here, Tc is independent of the parameters E and L. For circular orbits, the impact 
parameter is given as. 


jj2 rljmrc-Q'^) 

E'^ m{rc — 2m) 


( 21 ) 


^ain as Q —)■ 0, = 27m^, which is the value of impact parameter for Schwarzschild BH 

2(]. Similarly the impact parameter for circular orbits for ECBH given in eqn.(l2]) is given 
as, 

= 


' Tc{rc + 2msinh‘^a)‘^ 


Tr — 2m 


( 22 ) 


Now f{u) given in eq. flTTll has a real root at M 4 = and hence it can also be written as. 


f{u) = 2{m - Q‘^u)g{u), 


where 


u 


g(u) = u-^ - — 


Q^u ^ 1 


2m 2D‘^m‘^ 2mD‘^ 


The roots of g{u) are related as. 


Ui + U2 + Us = 
U1U2U3 = 


1 

2 m’ 

1 


2mD‘^ 


(23) 


(24) 


The circular orbit exists when f{u) has a real doubly degenerate root {u 2 = Us = Uc) and 
hence 

f{u) = 2{m — Q‘^u){u — Uc)‘^{u — ui), (25) 

where ui = (l/ 2 m) — 2uc- 


10 










The trajectory of a photon with D = De is presented in hg.Q. The orbit equation given 
in eq. ffThj) is integrated by using eq. fl25|) . Hence, the analytic solution for the circular orbit 
reads as, 

_ Q^Ucuf - 4mAui + Buc + (-2mQ^ + 2Q^A)uiUc , . 

“ g%2 _ (2mg2 + 2Q2A)ui + 4Q2Aue - 2mA + m^ + A^' ^ ^ 

where , 

A = exp (^^/2{Q^Uc - m){-Uc + ui)j (0 + 0o), 

B = + 2mA + m?. (27) 


With initial condition m = 0, 0 = 0, the constant of integration 0o is given as, 

1 , f —mUc — Q^UiUc + 2mui — 2(Q^Uc — m)(—Uc + mwi 


V2(Q^Uc — m)(—Uc + Ml) 


In 


ZLr 


(28) 



FIG. 6 . (a) /(u) represents the shaded allowed region for the motion of photons with a positive 
root at points U 4 and a degenerate root at Uc (where the unstable circular orbit exists), with D = 
2.29 and Q = 0.4; (b) Solid line represents the unstable circular orbit with radius rc = 1.43 for a 
photon starting from infinity; (c) Solid line represents a bound orbit spiralling around the circular 
radius rc starting form the singularity. In fig.(a), u is used as a coordinate while r is used as a 
coordinate in figs, (b) and (c). 
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- S - E-M 


FIG. 7. Comparative view of unstable circular orbits for SBH, ECBH and MCBH, represented by 
curves S, E and M respectively, with Q = a = 0.4. Numerical values of the corresponding radius 
for unstable circular orbits are rf = 1.5, rf = 1.55 and = 1.43. 

One may observe from fig. (JTj) that the radius of unstable circular orbit is smallest for MCBH 
and r^ < rf < r^. Hence, in comparison to the SBH, the gravitational field of MCBH is 
more attractive in nature while the gravitational held for ECBH is rather repulsive. This 
particular nature of the gravitational held around the respective BH spacetime can also be 
conhrmed from the nature of respective ehective potentials as depicted in hg.(|5^). 


The Time Period: 

The time period for unstable circular orbit can be calculated for proper time as well as coor- 

n 

dinate time with 0 = 2 7r[l^. For MCBH, on integrating eq.(|l]) for one complete time period, 


Tr = 


27rrg 

L 


(29) 


represents the time period in proper time while dividing eq.(jl]) with eq.(jl]) and integrating 
for one complete time period, 


_ _ ^ rc^/mrc-Q'^ 
-It — 2vr— , 

ym[rc — 2m) 


(30) 


represents the time period in coordinate time. The corresponding expressions for ECBH 
are, 


Tr,E = 


2Tirt 


(31) 
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and 


Tt^E = ‘2'T^{rc + 2msinh‘^ a) 


(32) 


Tc — 2m 

In the limits Q ^ 0 and a —?• 0, the expressions for orbital time periods in proper time ( 
Tr and Tr^E) and coordinate time ( Tt and Tt^E ) rednce exactly to that for the SBH i.e, 
Tr^s = and Tt^s = ^V^rn. 




FIG. 8. Variation of time periods for; (a)coordinate time and (b)proper time with mass m where 
SBH, ECBH and MCBH, represented by the curves S, E and M respectively; with Q = a = 0.4. 


Fig.® depicting the time periods for all three BHs clearly shows that the time periods for 
MCBH are smaller than SBH while the respective valnes are larger for the case of ECBH. 
This resnlt is in agreement with the resnlts obtained from the comparison of radins of 
unstable circular orbits and the natnre of effective potentials for the BHs. 


Frequency Shift: 

Here, as one of the optical phenomenon, we calcnlate the combined gravitational and Doppler 
freqnency shift for MCBH in the eqnatorial plane. The Keplerian angnlar freqnency of the 
circnlar geodesics relative to distant observers is given by, 

n = ^. (33) 

dt 


Using eq.(jl]) in eq. (]33ll . we obtain. 


n 


L (1-^) 
Er2 fl- 

\ mr J 


(34) 


13 













From the general expression for the frequency shift in equatorial plane 22|, the frequency 
shift for MCBH is given by, 


l + z = 



(35) 


The frequency shift depends on the charge parameter of the BH. As the frequency shift 
increases, the observed frequency of the photon decreases which gives an equivalent increase 
in the corresponding wavelength of the photon. Hence for positive frequency shifts, the 
photon is redshifted. Again stronger is the gravitational held of the gravitating source, larger 
will be the energy loss by the incoming photon and larger will be the observed redshhift. 



FIG. 9. Variation of frequency shift with charge parameter for MCBH and ECBH. 

Fig-© depicts the comparative redshifts in the equatorial plane for MCBH and ECBH at 
some particular radial distance r. The redshift for photons around the MCBH is increasing 
with increase in the magnetic charge while it decreases for the case of ECBH. Hence at 
hxed radial distance r, the gravitational held of MCBH strengthens if magnetic charge is 
increased while the the gravitational held of ECBH weakens if electric charge is increased. 

The Cone of Avoidance: 

If now a point source at a given distance r of the centre emits light isotropically into all 
directions, a part of the light will be captured by the BH, while another part can escape. It 
is clear that the critical orbits are at the limit of infall or escape. These orbits dehne a cone 
with half opening angle T. The cone of avoidance is dehned by null rays being its generator. 
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described by the eq. fl26|) . passing through that point 
the cone then, 



If denotes the half angle of 


^ 1 dr 

cotd' = - — , 
r d(p 

where r is the proper length along the generators of the cone, 


(36) 


dr = 



Now, using eq. flT6|) and eq. fl37|l in eq. fl36|) . 


tand' 


M\/l — 2mu 
^J2m{u — ui){u — UcY 


(37) 


(38) 


When u —)■ Uc{r rc), ft' —| and when u —)■ 0(r —)■ oo), ft' (r)y timit 

Q —)■ 0, ft' approaches to the corresponding vatues for the SBH. One can immediatety see 
that at targe distances the cone is narrow, and most of the light escapes. For r = rc, exactly 
half of the light is being captured by the BH. For r = 2m, fb = 0 and therefore the horizon 
is the hnal frontier from where photon cannot escape and at larger distances fP depends on 
the corresponding charge of the BH. 


Case (b) : Photon orbits with D > Dc 

Now, let us choose the value of impact parameter D = 3.5, which is larger than the impact 
parameter for the case of unstable circular orbit for all three BHs discussed. As shown 
in Fig. flTOk ). /(u) has three positive real roots for D > Dc- Hence to obtain the analytic 
solution of orbit, /(u) can be expressed as f{u) = —Q^{u — ui){u — U 2 ){u — u^){u — u^) in 
eq. fflbj) . which on integration yields. 


+ 00 = 


PV2 


\/-Q‘^ {Ul - Us) {U2 - Ui) ’ 


where, 

p = Eimc F f 

{Ui-Ui){-U + U3) y {U2 - Ui) [Ui - U3) J 


(39) 


(40) 
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FIG. 10. (a) /(u) represents the shaded allowed region for the motion of photons with four real 

roots at points ui, U 2 , U 3 and U 4 , with D = 3.5, Q = 0.4 and m = 0.5;(b) Solid line represents 
the fly-by orbit for the null geodesics approaching the BH from infinity with a turning point at r 2 
and again flying back to inhnity; (c) Solid line represents a bound orbit from ra to r 4 . In fig.(a) u 
is used as a coordinate while r is used as a coordinate in figs, (b) and (c). 



-M--E - S 


FIG. 11. Gomparative view of fly-by orbits for null geodesics with Q = a = 0.4; where curves S, 
E and M represent the SBH, ECBH and MGBH respectively. 


The structure of fly-by orbits (or scattering orbits) is qualitatively similar for all the three 
BHs discussed. One can observe from hg. (fTTil that the turning point for the corresponding 
fly-by orbit is farthest for MCBH and te < rs < tm- 
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Case (c) : Photon orbits with D < Dc 

To analyse the orbit structure for D < the impact parameter is now hxed ai D = 1. 
Integrating eq. flT 6 |l . we obtain the same solution as in eqn. fl39|) but now U 2 and M 3 are 
imaginary. 



(a) (b) 

FIG. 12. (a) /(u) represents the shaded allowed region for the motion of photons with two 

real roots at points ui and U4, with D = 1, Q = 0.4 and m = 0.5;(b) Solid line represents the 
terminating escape orbit for the null geodesics approaching the BH from infinity to r 4 while r 4 
lies inside the event horizon of the BH. In fig. (a) u is used as a coordinate while r is used as a 
coordinate in fig.(b). 



FIG. 13. Comparative view of terminating escape orbits with Q = a = 0.4; where S, E and M 
represent the SBH, ECBH and MCBH respectively. 
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One can observe from fig. ffT^ that te < rs < tm similar to the case of D > Dc and 
the terminating escape orbits, end up at the corresponding curvature singularity of the BH 
spacetime. Hence for MCBH the orbit terminates at point r^ while for SBH and ECBH the 
terminating point is at r = 0. 

IV. DISCUSSION AND CONCLUSION 

In this article, we have investigated the geodesic motion for null geodesics in the back¬ 
ground of a MCBH arising in string theory and some of the important results obtained are 
summarised below. 

• The nature of effective potential for MCBH is qualitatively similar to that of SBH 
and ECBH. But, as the impact parameter for the incoming photon changes w.r.t. 
the corresponding value for the unstable circular orbit, the attractive nature of the 
effective potential changes accordingly. This change in the nature of effective potential 
manifests in the corresponding orbit structure also. 

• The different types of orbits (such as unstable circular orbit, fly-by orbit, terminating 
escape orbit, bound orbit) are present for the incoming photons, corresponding to 
the value for the impact parameter. No stable circular orbits are present for the null 
geodesics. 

• The gravitational held of MCBH is found to be more attractive in nature than SBH 
and ECBH, for the incoming photons with D = D^. This effect is manifested in the 
results of the radius of unstable circular orbit, time period for proper time as well as 
coordinate time and frequency shift for null geodesics. 

• The attractive nature of gravitational held of MCBH strengthens as the magnetic 
charge increases while for ECBH it weakens as electric charge increases. Interestingly 
as the impact parameter dihers from Dc, the gravitational held of MCBH becomes 
more repulsive than SBH and ECBH. 

• Cone of avoidance for large distances is found to depend on the respective charges of 
MCBH and ECBH. At larger distances, the cone is narrow and therefore most of the 
photons can escape from there. 
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We believe that the result obtained herewith would be useful in the study of gravita¬ 
tional leasing around the charged BHs in the string theory and we intend to report on 
this issue in near future. 
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